Abstract Equation of motion for the galactic tide is treated for the case of a comet situated in the Oort cloud of comets. We take into account that galactic potential and mass density depend on a distance from the galactic equator and on a distance from the rotational axis of the Galaxy. Secular evolution of orbital elements is presented. New terms generated by the Sun's oscillation about the galactic plane are considered. The inclusion of the new terms into the equation of motion of the comet leads to orbital evolution which may be significantly different from the conventional approach. The usage of the secular time derivatives is limited to the cases when orbital period of the comet is much less than i) the period of oscillations of the Sun around the galactic equator, and, ii) the orbital period of the motion of the Sun around the galactic center.
Introduction
Global galactic gravitational field influences motion of a comet in the Oort cloud in the form of the galactic tide. The motion of the comet with respect to the Sun is important in better understanding of the Oort cloud. This paper presents equations for secular evolution of orbital elements for the comet under the gravity of the Sun and the galactic tide. We consider equation of motion derived in Klačka (2009a) . Results of our paper reduce to the results obtained by Klačka and Gajdošík (1999) 
Equation of motion
We are interested in motion of a comet with respect to the Sun. The comet is in the Oort cloud and we want to describe the cometary evolution in terms of secular evolution of comet's orbital elements.
The Sun is moving at a distance R 0 = 8 kpc from the center of the Galaxy. Currently, the Sun is situated 30 pc above the galactic equatorial plane (Z 0 = 30 pc). Besides rotational motion with the speed (A − B) × R 0 (where A and B are Oort constants) the Sun is moving with the speed 7.3 km/s in the direction normal to the galactic plane. Positional vector of the comet with respect to the Sun is r = (ξ, η, ζ). 
Equation of motion is taken in the form
where G is the gravitational constant, M ⊙ is the mass of the Sun and 
Secular changes of orbital elements
Perturbation equations of celestial mechanics yield for osculating orbital elements (asemi-major axis; e -eccentricity; i -inclination (of the orbital plane to the reference plane -galactic equatorial plane); Ω -longitude of the ascending node; ω -argument of perihelion; Θ is the position angle of the particle on the orbit, when measured from the ascending node in the direction of the particle's motion, Θ = ω + f ):
where F R , F T and F N are radial, transversal and normal components of the disturbing acceleration. We use − µ e R / r 2 as a central acceleration determining osculating orbital elements if we want to take a time average (T is time interval between passages through two following pericenters) in an analytical way
assuming non-pseudo-circular orbits and the fact that orbital elements exhibit only small changes during the time interval T ; the second and the third Kepler's laws were used: r 2 df /dt = √ µp -conservation of angular momentum, a 3 /T 2 = µ/(4π 2 ). Rewriting Eq. (1) to the form
where t 0 denotes the current time moment and ϕ 0 the initial phase, we can find the required components F R , F T and F N of the disturbing acceleration:
Inserting Eqs. (6) into Eqs. (7): 
if we take f (t = τ ) = 0. Another possibility is to use the Kepler's equation
[see also Eq. (11) together with tan(E/2) = (1 − e)/(1 + e) tan(f /2)]. Then, instead of Eq. (5), we obtain
Another method of averaging
The procedure of averaging may not take into account time evolution in ω 0 t and ωzt during one orbital period if 2π/ω 0 ≫ T and 2π/ωz ≫ T . The secular evolution of orbital elements (and other quantitites) can be calculated on the basis of Eqs. (4)- (5) and (8)-(10). We defineΩ asΩ = Ω + ω 0 t. The final result then can be summarized in the form
− 2 cos 2ω cos 2Ω ) + (5 cos 2ω − 3) 
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Eqs. (13)-(17) yield for the z−component for angular momentum per unit mass Hz = µ a (1 − e 2 ) cos i:
+ 2 cos i sin 2ω cos 2Ω + (2 + 3e 2 ) sin 2 i sin 2Ω
2 ) cos i cosΩ + 5e 2 sin ω × (cos i sin ω cosΩ + cos ω sinΩ) .
Eqs. (13)- (17) show secular time derivatives of orbital elements of a comet during one orbital period caused by the perturbation acceleration given in Eqs. (8) The secular orbital evolution holds if the method of averaging is acceptable. The period of revolution T must fulfill the condition (ωz + ω 0 ) T ≪ 2 π or equivalent condition T ≪ ( 1 / Tz + 1 / T 0 ) −1 . This is a consequence of the terms Z 0 sin(ω 0 t) and Z 0 cos(ω 0 t). 
Discussion
Eqs. (13)- (17) produce identical orbital evolution after each of the following transformations:
The first transformation represents a symmetry of the Oort cloud under the action of the galactic tide. The second transformation holds due to symmetry of the galactic potential with respect to the galactic equatorial plane. The transformation ω → ω + π andΩ →Ω + π is equivalent to the transformation i → − i. The third transformation can be obtained from (simultaneous) composition of the first and the second transformation.
In order to obtain the opposite signs in time derivatives of the orbital elements, it is sufficient to use the following transformation in Eqs. (13)- (17):
This transformation represents an antisymmetry of the Oort cloud under the action of the galactic tide.
The total secular time derivative of semi-major axis is not equal to zero. This can have a close relation to the result represented by Eq. (31) in Klačka (2009b) . Nonzero value of secular time derivative of semi-major axis is caused by new terms in our equation of motion. The new terms contain Γ 1 , Γ 2 and ̺ ′ quantities. Namely, the term proportional to Γ 1 − Γ 2 Z 2 0 in ξ and η components of the acceleration and the term proportional to ̺ ′ in ζ component of the acceleration. Two orbital evolutions of a comet obtained by numerical solution of Eqs. (13)- (17) are shown in Fig. 1 . Both evolutions depicted in Fig. 1 have equal initial conditions. Initial values of the orbital elements are a in = 10 000 AU, e in = 0.4, ω in = 0, Ω in = 0 and i in = 90
• . The Sun is located at distance 8 kpc from the galactic center, Z 0 (0) = 30 pc andŻ 0 (0) = 7.3 km s −1 at the time t = 0. Evolution depicted by a black color is calculated using secular time derivatives from Eqs. (13)- (17) . Semi-major axis of the comet is not constant for the evolution depicted by the black color in Fig. 1 . Oscillation in semi-major axis depicted by the black color is a typical behavior of semi-major axis found from Eqs. (13)- (17) with the inclusion of the new terms. The semi-major axis oscillates around the value close to a in . We did not find evolution of semi-major axis with a tendency to a monotonic increase or decrease in time. Only oscillations in evolution of the semi-major axis existed. Evolutions of other orbital elements are not significantly affected by inclusion of the new terms.
Eqs. (14) immediately show that e ≡ 0 if e in = 0. We found that if e in is close to zero, then the eccentricity can increase to a value close to 1. If all other initial orbital elements are fixed, then the time span needed for the increase of eccentricity is usually longer for the comet with smaller value of e in . Such situation is depicted in Fig. 2 . Three shown evolutions differ only with the initial eccentricity of the comet. We used the values e in = 0.01, 0.001 and 0.0001. The initial values of other orbital elements are a in = 10 000 AU, ω in = 45
• , Ω in = 0 and i in = 90
• . In Fig. 3 is compared solution of equation of motion Eq. (1) with solution of system of differential equations given by Eqs. (13)-(17). In both numerical solutions are the new term included. Evolution depicted by a solid line is obtained from solution of Eqs.
(1) and evolution depicted by a dashed line is obtained from solution of Eqs. (13)- (17). Initial values of the orbital elements are a in = 10 000 AU, e in = 0.3, ω in = 60
• , Ω in = 45
• and i in = 45
• . The Sun is located at distance 8 kpc from the galactic center, Z 0 (0) = 30 pc andŻ 0 (0) = 7.3 km s −1 , at the time t = 0. Initial true anomaly for the evolution obtained from numerical solution of Eqs. (1) is f in = 0. Orbital evolutions obtained from numerical solutions are in good accordance.
We used semi-major axis a in = 50000 AU for a comparison of numerical solutions of Eq. (1) same as for the evolutions depicted in Fig. 3 . Results are depicted in Fig. 4 . Difference between two evolutions is caused by the large value of the initial semi-major axis of the comet. The initial semi-major axis is so large that the orbital period of the comet (T ≈ 1.1 × 10 7 years) is comparable with the period of oscillations of the Sun around the galactic equator (2π/ωz ≈ 7.3 × 10 7 years). Secular orbital evolution given by Eqs. (13)-(17) cannot be used in this case.
We compared also influence of the new terms on secular evolution of orbital elements at larger semi-major axis for the initial conditions corresponding to those used in Fig. 4 (17) for the case when inclusion of the new terms plays a relevant role. The new terms significantly changed the cometary orbital evolution in comparison with the orbital evolution without the new terms. Both evolutions depicted in Fig. 6 had equal initial conditions. Initial values of the comet's orbital elements were a in = 50 000 AU, e in = 0.8, ω in = 150
• . The Sun was located at distance 8 kpc from the galactic center, Z 0 (0) = 30 pc anḋ Z 0 (0) = 7.3 km s −1 , at the time t = 0. Influence of the new terms can be even more significant for larger semi-major axis of the comet.
Conclusion
The paper treats the effect of the galactic tide on motion of a comet with respect to the Sun. It turns out that the important effect from the galactic tide is the action of the normal z−component. The x− and y− components of the acceleration comes not only from the x− and y− positional components of the comet, but also from the z−component of the position. This is generated by the galactic disk. The effect of the three positional components in the x− and y− acceleration components are of comparable importance.
The inclusion of the new terms into the equation of motion of the comet leads to orbital evolution which may significantly differ from the conventional result. This is true mainly for the comets with large semi-major axes. The conventional result (see, e. g. Fouchard et al. 2008 ) is obtained from Eqs. 
